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Spectral domain techniques are frequently used in conjunction with
Galerkin's method to obtain the current distribution on planar struc-
tures. When this technique is employed, a large percentage of the com-
putation time is spent filling the impedance matrix. Therefore, it is
important to develop accurate and efficient numerical techniques for
the computation of the impedance elements, which can be written as
two-dimensional (2D) Sommerfeld integrals. Once the current dis-
tribution has been found, then the near-zone electric field distribution
can be obtained by computing another set of 2D Sommerfeld integrals.
The computational efficiency of the 2D Sommerfeld integrals can be
improved in two ways. The first method, which is discussed in this
paper, involves finding a new way to compute the inner angular integrai
in the polar representation of these integrals. It turns out that the
angular integral can be decomposed into a finite number of incomplete
Lipschitz—Hankel integrals, which in turn can be calcuiated using series
expansions. Therefore, the angular integral can be computed by
summing a series instead of applying a standard numerical integration
algorithm. This new technique is found to be more accurate and
efficient when piecewise-sinusoidal basis functions are used to analyze
a printed strip dipole antenna in a layered medium. The incomplete
Lipschitz—Hankel integral representation for the angular integral is then
used in another paper to develop a novel asymptotic extraction techni-
que for the outer semi-infinite integral.  © 1992 Academic Press, Inc.

1. INTRODUCTION

The problem of finding the electromagnetic radiation
from an electric current source in the presence of a stratified
medium has been of interest for some time. In 1909,
Sommerfeld solved the problem of a vertical electric
Hertzian dipole over a homogeneous half-space [1]. Later,
Hérschelman treated the case of a horizontal electric dipole
in air [27], and Elias analyzed the vertical magnetic dipole
in air [3]. Then in 1926, Sommerfeld treated all four cases
of elementary Hertzian dipole sources in air [4].

There has been a substantial amount of work done on the
Sommerfeld problem since 1926. For a good historical over-
view see [5]. Many of the authors who worked on the
Sommerfeld problem obtained asymptotic expansions which
hold for large observation distances from the source, or for
large values of other parameters such as the relative permit-
tivity of the earth [5-9]. These asymptotic expansions can
be used to efficiently compute the far-fields and quasi-static
fields. When the index of refraction is large, it is even
possibie to obtain asymptotic expansions for the near-fields.

While asymptotic expansions provide valuable physical
insight into the Sommerfeld problem, they unfortunately
cannot be used to compute the fields at all points in space
for any given set of material parameters. However, with the
introduction of high speed digital computers, it became
possible to compute the Sommerfeld integrals at any point
in space by using numerical techniques. Now, asymptotic
techniques can be used in conjunction with numerical
techniques to obtain an efficient algorithm for thecomputa-
tion of Sommerfeld integrals [ 10].

Green’s functions for more complicated multilayer
problems can also be calculated with the use of a computer
[11-14]. Once the Green’s function for a specific problem
has been obtained, the fields can then be computed for any
given distribution of current by convolving the Green’s
function with the source distribution. This operation can be
written as

E(x)=| G.(x—x)-J(x)ds, (1)
S
where x =a,x +a, y +a,z. When the current distribution is

unknown, as is the case for a perfect conducting scatterer or
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antenna in a stratified medium, an electric field integral
equation (EFIE) can be obtained by forcing the tangential
component of the electric field to vanish at the surface of the
perfect conducting body [15-21]. The method of moments
(MOM) can then be used to reduce the EFIE to a set of
linear equations which can be solved using standard matrix
techniques [21-23]; thereby yielding an approximate
distribution for the current on the body.

Before the matrix equation can be solved, the elements of
the impedance matrix must be computed. A typical matrix
elment can be written in the general form

Zpy=] [ wax) Gx—x) LX) 5, ()

where w,,/f, is one of the chosen weighting/basis functions,
respectively. This is classified as the spatial domain
representation of the impedance elements. Since the evalua-
tion of the Green’s function involves a two-dimensional
(2D) inverse Fourier transform, the computation of a typi-
cal matrix element will involve a sixfold integration. It is
important to develop efficient techniques for the computa-
tion of (2), since the calculation of the elements in the
impedance matrix usually requires a large percentage of the
total computation time in a MOM problem. There are two
different methods that are commonly used for this purpose.

In the first method, a polar transformation is applied to
the Green’s function, and then the angular integration is
carried out in closed form—yielding Bessel functions of the
first kind. The remaining semi-infinite integral can be
classified as a one-dimensional (1D) Sommerfeld integral.
Asymptotic extraction techniques, singularity extraction
techniques, and other numerical techniques can then be
applied to the 1D Sommerfeld integral [14, 17, 19, 24-31].
In {17, 25, 31], the authors point out that since the Green’s
function only depends on the distance between the source
and field points, an interpolation scheme can be used in
problems where the Green’s function must be computed a
large number of times. Once the Green’s function can be
efficiently computed, then the matric elements are obtained
by using a four-dimensional numerical integration routine
for the remaining finite integrals.

In the second method, the convolution theorem is used to
rewrite the expressions for the electric field and the matrix
elements as (see (1) and (2))

X ~

G, (0, 0,,z—2")
oC

Ex)=n? [ |

x J(ay, oy, z') e T B¥Y 2 dy du,
w o (3)
Zp=0C0)' [ [ Wl —2,2)
—w Y-

x G, (a;, &y, z—2") F(ay, &2, 2') doty dat,.
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If we choose basis and weighting functions whose Fourier
transforms can be represented by combinations of algebraic
functions and readily computed special functions, then the
computation of a typical matrix element will only involve
carrying out a 2D inverse Fourier transform. A polar trans-
formation once again yields a Sommerfeld type integral, but
this time the angular integral cannot be carried out in closed
form. Therefore, this method involves the computation of
2D Sommerfeld integrals. The expressions in (3) are often
referred to as the spectral domain representations for the
electric field and the impedance elements. In [ 15, 327, the
2D Sommerfeld integrals are computed using a 2D numeri-
cal integration routine. Once again, asymptotic extraction
techniques can be used to enhance the efficiency for the
computation of the semi-infinite integral [33, 34].

Both of these methods have their advantages and dis-
advantages. If we assume that an interpolation table has
already been constructed for the Green'’s function in the first
method, then for each matrix element, a four-dimensional,
definite integral must be computed using numerical techni-
ques. On the other hand, a definite integral and a semi-
infinite integral must be computed in the second method.
The fact that the Green’s function becomes singular as the
distance between the source point and field point goes to
zero presents some difficulties in the first method. In the
second method, this problem shows up in the form of a
slowly converging integral. Luckly, there are techniques
which can be used to circumvent these difficulties [14,
26-30, 33, 34]. For a given problem, one method may be
better suited than the other; but in general, both of these
methods are important and need to be investigated further.

In two papers, we will develop accurate and efficient
techniques for the computation of the 2D Sommerfeld
integrals in (3) for the special case of piecewise-sinusoidal
(PWS) basis and weighting functions (i.e., we will use
Galerkin’s method). In this paper, we will concentrate our
efforts on developing techniques for the computation of the
angular integral in the polar representation for the 2D Som-
merfeld integrals. We will show that the angular integral can
be represented in terms of incomplete Lipschitz-Hankel
integrals (ILHIs). By using series expansions for the evalua-
tion of these ILHIs, we can avoid using a numerical integra-
tion routine for the evaluation of the inner angular integral,
thereby greatly improving the computational efficiency and
accuracy for these 2D Sommerfeld integrals.

The problem of computing the outer semi-infinite integral
is addressed in the second paper [35]. The decomposition
of the angular integral in terms of ILHIs is used in [35] to
develop a new asymptotic extraction technique (AET) for
the outer semi-infinite integral in the 2D Sommerfeld
integrals.

In order to demonstrate the usefulness of the techniques
that are developed in these two papers, we will apply them
to the problem of computing the driving-point input
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impedance and the near-zone electric field distribution
for a printed strip dipole antenna in a layered medium.
These techniques are very general and can be applied
to any planar structure whose current distribution can be
adequately modeled using PWS basis functions.

We will make a number of references to [23, 36] in this
paper, however, the material that is contained in these
papers can also be found in [37].

2. EVALUATION OF THE 2D SOMMERFELD INTEGRALS
The printed strip dipole antenna, whose geometry is

shown in Fig. 1, is assumed to be a perfectly conducting,
infinitely thin piece of metal. The surface of the antenna is
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designated by S. In order to keep things as simple as
possible, we will assume that the antenna is fed in the center
by a sinusoidal delta-function gap voltage source and that
the antenna is narrow enough so that the transverse compo-
nent of the current can be neglected. The e/ time
dependence will be suppressed in this analysis. This struc-
ture was chosen because it is simple enough that it does not
complicate the analysis, and at the same time it provides a
good problem for comparison purposes.

The antenna is located in a general stratified medium. The
inhomogeneous nature of this problem can be characterized
by specifying a complex permittivity,

. Jo
8ﬂ4=£pq_"—pq’ (4)
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FIG. 1. Printed strip dipole antenna in a general stratified medium.
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and a permeability, u,,, for each layer. The subscript pq
denotes the gth layer in the positive z half-space whenp =1,
and the gth layer in the negative z half-space when p= —1.

The current on the antenna will be expanded in terms of

PWS basis functions which are defined analytically as
J(x, y)

sin[k (d— |x —nd +1])]
— 2vsin(k 4 d) ’

|yl <v, |x—nd+1| <d

0; otherwise

(3)

where d =2I/(N + 1), N is the number of basis functions, and

k,=w ./pot 4 The value of k, can be chosen arbitrarily;
however, in some cases a judiciously chosen value for k£, can
significantly improve the convergence of the solution. This
basis function satisfies the boundary condition that requires
the normal component of the current to vanish at the ends
of the antenna and guarantees that the overall trial function
will be continuous. It also has the advantage that the desired
accuracy can often be obtained by using only one basis func-
tion when the antenna is near a resonance. This property is
very useful—especially in array problems [ 38, 39]. The use-
fulness of the PWS basis function is demonstrated by the
large number of authors that have chosen to use it in their
work [15, 26, 28, 33, 34, 38-41].

We are interested in finding an efficient way to compute
both the elements in an impedance matrix which results
from a MOM formulation and the electric field which is due
to a given current distribution on a printed strip dipole
antenna in a layered medium. As was shown in [23], the
computation of these quantities requires the evaluation of
2D Sommerfeld integrals. A 2D numerical integration
routine can be used to compute these integrals, but it will
require a large amount of CPU time. Therefore, it is
desirable to find a more efficient computational method.

The 2D Sommerfeld integrals that need to be computed
are

E®9(x, %Z)'m Z 1, f {—a.4

< { LS4, Z)—f‘z”"’ 4,2)] Sk, 4 x
+1—nd, y,(1,0,0,0)) + f¥(4, z)

x Fyk 4, 4 x+1—nd, y,(1,0,1,0))}
+a,A[f (4, 2) = [, 2)]

x Sk 4, 4 x+1—nd, y,(0,1,0,0))
+a, (kb x+1—nd, y,(1,1,1,0)

x fP(4, z)} 2 dA (6)
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and

ka 11 11
Zom = [m] f (LM 0= £0(4,0)]

x Fi(k 4, 4, dim—n), 0, (0, 0,0, 1))+ £{V(4, 0)

x Ik 4, A, dim—n),0,(0,0,1, 1))} A dA, (7)

where the angular integral has the general form

'jl(kA7 }"a xy y’ S)

J {[cos (dA cos 0) — cos(k ,d)] sin(vA sin 0)}5‘“rl
k% — A% cos? 60
sin"' § cos*2 0 y _
— Ji(xcos8 + ysin@)

X{I—Sgcoszﬂ}e a0 (8)
and S=(S,,5,,8;,5,). The functions [f{*9(4,z),
fY¥9(4, z), and f9(4, z) are similar in form to the expres-
sions that are obtained in a transmission line analysis.
Expressions for these functions are

wﬂqu ((fq)[efjpquz + r(fq)ejprpqz]

(pq) A, Z) — =
S A sin 8T (4 cos 6, 4 sin 8)
(PO o~ iPtpaZ _ (P4} pIPTpe?
F0(s, z) = et e )
A cos 0J (A cos 6, A sin 0)
i, 2) < PALILe I 4 Tipe ]
3 » Z)=

Acos 8T ™(A cos 0, Asin 6)

Since the fields must remain finite valued as z — + o0,
must restrict

we

3(x,,) = (/K2 — 7) <0,

for pg = 1n and pq = — Im. For other values of pg, the above
restriction is unnecessary; however, for the sake of con-
sistency, we will use (10) for all values of pq.

Recurrence relations can be obtained for the amplitude
and reflection coefficients by enforcing the boundary condi-
tions at the source-free interfaces:

(10)

A (Jq)ﬂpq e/Ptracog [e —2jptpgzpg + F(zfq)]

lejp'[p,q+lzpq[e_szfp.q+lzpq + 1—'(5,4+ 1)]

(11)

— g+ 1)
=A@V,
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I (f‘l) = ¢ 2PTra’pq

[(e~2jprp.q+nzpq + r(lf.q+ 1))

Hpglpg+1 , _2j
__rrq " p.4 e ij‘cp.q.,,]zpq_r(lf.q-kl))

HBpg+1Tpg

[(ehsz‘fp.q+llpq+1"'((7»q+ ]))

+ HpgTpg+1 (e~ 2Ptrarizm _ [pa+ 1))]
Hp.g+1Tpq

(12)
A (J’q)gpqe./'!"pqlpq[e —2jptpgzpg + 1"(‘5717)]
i —2j g+ 1)
:A(VPJI'*'l)sp‘q+lelpfp.q+lzpq[e ]pTP-'leI"I_{-F(}f q+ ]
(13)

r (f‘{) = ¢~ 2PTpapq

[(e~2jmp.qnzpq + I_'(f““' 1))

E,,T .
pg “pg+1 —2jpTp g+ 12 (p,q+1)
_______(e P+ pq_FV )

Bp,q +1 TP‘I

[(e"szfp.qﬂf/w + I’(VPJI+ 1))

EpgTpg+1, _2; 1
4 2papd (e ZfPTp.q+lzpq_r('/qu+ ))

€pg+1Tpq

(14)

If we assume that the only electric current sources are
located at z = 0, then there will not be any waves coming in
from z = 4+ co. Therefore,

P = pim = pioim = pisim _ g, (15)

Since the reflection coefficients in the two semi-infinite
regions are equal to zero, we can recursively compute the
values of the reflection coefficients in the other layers by
using (12) and (14). Also, reference to (11) and (13) shows
that all of the amplitude coefficients in the upper/lower
layers can be expressed in terms of the amplitude coefficients
in the layers which are next to the sources (i.., 43)/44 Y,
respectively). Therefore, if we can find expressions for these
amplitude coefficients, then the spectral domain fields will
be uniquely determined.

Expressions for the amplitude coefficients in the layers
adjacent to the antenna can be obtained by enforcing the
boundary conditions at z=0:
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A(ll)={1"ll(1_r(l}l)) T—ll(l’_r(L;“])}_l
v ﬂ11(1+r((§”) ﬂ—11(1+r(17“))
Asin 6J,— A cos Bjy
X
pn(1+T0) 72
A<111={8“(1+F(Vl”)+8‘“(1+r(f”)) !
d T (1-9Y) T~II(I—F(V——“))

A cos Bjx + A sin Bjy
wty (1 -8y 327

(16)

The 2D Sommerfeld integrals in (6) and (7), and the
other results that are listed above, were obtained by using
spectral domain techniques. See [237] for a detailed deriva-
tion of these equations.

This paper is devoted to finding an efficient way to com-
pute the angular integrals in the 2D Sommerfeld integrals
(8). The problem of the efficient computation of the outer
integral is addressed in [35].

We have found that it is convenient to express (8) in
terms of a new integral,

7 sins1 6 cosS? 6
A S>=f (1= SZcos?0)
-7 3

e ~JAr(x, y)cos(6 — Bo(x, v)]

X (k2% — A2 cos? §)S++1

where r(x, y)=./x?+ y” and 0y(x, y)=tan"'(y/x). If we
represent the trigonometric functions in the integrand of
(8), which have trigonometric functions in their arguments,
in terms of exponentials, and apply the identity

49, (17)

X cos 8+ ysin 0=rcos(0—8,), (18)

then it can be shown that (8) can be rewritten as
=/¢1(kA9 /1’ X, y9 (Sls 32, S3’ 0))

-1 4
=— —2cos(k (d)] 1!
4] p;l[ ( A )]

1

"z

-1

q‘fﬁi(kA’ j" X+ pd’ Y+qu (Sla SZ’ S3s O))a

(19)
‘fl(kAs A‘., X, y, (03 0’ S3, 1))
l 1
=16 _Z [2—Iql1(=1)*
g=—1
x{[2+4cos2(k,,d)] Sk 4, x, y+q20,S)
2
+ Y [—4cos(k )]
p=—-2
xfa(k,,,a,x+pd,y+qzu,5)} . (o)
8 =(0,0,53.1)

where 3, means to sum over all p excluding p =0.
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If we can efficiently compute integrals which have the
general form of (17), then we will be able to calculate the
angular integrals in (6) and (7). In Appendix A, % is
decomposed into a finite number of ILHIs, Bessel functions,
and other elementary functions. The ILHIs that need to be
computed have the general form

Jeola, 2)= | T eaJ(1) dt. (21)
0

It is also shown in Appendix A that we can use the expres-
sion for .4, which is given in Table III, in place of .#%, and
still obtain the correct result for .#, when S takes on one of
the values in (26) or (27).

Now that we know how to express .# in terms of a finite
number of ILHIs, we must find an efficient way to compute
these ILHIs. The ILHI, Je,(a, z), was studied extensively in
[36]. An algorithm was presented in [36] which efficiently
computes Jey(a, z) to a user defined number of significant
digits (SD). This algorithm uses one of three different series
expansions to compute Jey(a, z). The choice of which
expansion to use depends on the parameters a, z, and SD. In
Appendix B, we show how the results in [36] can be used
to construct an efficient algorithm for the computation of
.

For the set of basis functions that we have chosen
(see (5)), we will only need to compute #(k,, 4, X, y,
(0, 0, S5, 1)) for the special case of y =0 (see (7)). If we had
also chosen to segment the antenna in the y-direction, then
y would have taken on non-zero values just as x does. At
this point is is beneficial to look at some special cases,
including the one which is discussed above. One interesting
case occurs when — y is substituted for y in (17). Using the
change of variables, § = — 8, it is easy to show that
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Therefore, for the special case of y = 0, the terms in (20) for
g = —1 are related to the terms for g = 1.

Similar simplifications arise for some special cases of x.
This time, if we substitutg —x for xin (17), then we can use
the change of variables, 8 = = — 0, to show that

Ik gy by —x, 3, 8)= (= 1) Alk 4, 4, x, 3, 8). (23)
Therefore, further simplifications occur when computing
Hlk 4, 4, 0,0, 8). If we refer to (68) and (70), we find that
these simplifications will also hold if .% is replaced by .% in
(20).

3. NUMERICAL EXAMPLES

To demonstrate the power of the techniques which have
been developed in this paper, they will be applied in this
section to the analysis of printed strip dipole antennas in
layered media. The specific geometry that we are interested
in is shown in Fig. 2. The presence of the perfectly con-
ducting ground plane at z=z_,, can be handled by finding
the limiting cases for (12) and (14) when ¢_,, > 1 — joo.
This procedure yields the following expressions for the
reflection coefficients:

(—11) _ _ ,2jr—nz-u
Iy /=—e

(24)

1"(‘711) = e2/T-nz-11

We will only look at problems which include lossy dielec-
trics in this paper; therefore, a real-axis integration can be
applied to the outer semi-infinite integrals in (6) and (7),
since the poles and branch-points are located off of the real-
axis. In problems where no losses are present, a real-axis
integration can still be used provided that the pole extrac-
tion technique is employed [26]. We will use a version of

Ak, 2 x, — 3, 8)=(=1)5 Ak 4, 4, x, »,S). (22) the adaptive quadrature routine DO1AKF [42] which has
z
€13y Ko
.Y 212
€12, Ho /
Zn
€11, 0

€11, Ho

FIG. 2. Printed strip dipole antenna geometry used in the examples.
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been modified to handle complex valued integrands to com-
pute the outer integrals. These semi-infinite integrals are
truncated at a suitable upper limit of integration, L. The
inner angular integral (8) will be computed by using either
the adaptive quadrature routine DOIAKF or the decom-
position in terms of ILHIs.

The impedance matrix is a symmetric Toeplitz matrix
[43] for this problem. Therefore, we only need to compute
Z, form=1,2,.., N, where N is the number of basis func-
tions. The symmetric properties of the impedance matrix are
used along with a number of other special properties to
improve the computational efficiency for this problem
(these techniques are discussed in detail in [23]).

We will first check our algorithm by comparing our
results with the results in [34, Fig. 4]. In this example, we
are interested in computing the input impedance of a
printed strip dipole antenna on a grounded lossy substrate
for different lengths of the antenna (4, is the free space
wavelength and should not be confused with the spectral
variable 1). Since there are only two layers in this problem,
we will set z,,=z,,=0. The current on the dipole is
expanded in terms of five PWS basis functions. The results
are shown in Fig. 3. A visual comparison between Fig. 3 and
{34, Fig. 4] confirms that the program is working properly.
It should be noted that five PWS basis functions adequately
model the current distribution when the antenna is
operating near the first resonance; however, for longer
antennas, more basis functions should probably be used to
obtain accurate results. This example also shows that a
real-axis integration can be used to compute the outer semi-
infinite integral even when the losses in the problem are very
small.

Now we will make a comparison between the two com-
putational techniques for the inner angular integral (i.e., the
decomposition in terms of ILHIs and the numerical integra-
tion routine DO1AKF). In order to make this comparison,
we will use both techniques to compute the current distribu-

2.000 | €4 = 1.765¢
2v =0.01X €3 =€ )
=22 =0. ey = (2.53 — 70.00167)¢q
= Tu = =014 e_12 = (1. - joo)ey
X
o 1000+
A=
=4
[
T
A ‘ -
= o — t —
- - \ -
2 . \ X -~
c \ -,
- ,
\ s
-1.000 } ! ,/
\/
2I 4l 6 .8 1.0 1.2

Antenna Length 2I()g)

FIG. 3. Input impedance versus dipole antenna length.
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tion on a printed strip dipole antenna which is intended for
use as a hyperthermia applicator. A simplistic model in
which the body tissue is represented as a layered medium
will be used. The numerical examples were carried out on a
Hewlett Packard 9000 series 300 computer.

We will analyze a hyperthermia applicator which has the
same material and geometry parameters as those used in the
example in [44]. However, we will use a printed strip dipole
antenna, instead of a microstrip patch antenna, to excite the
fields. An operating frequency of 915 MHz is used, and the
antenna is assumed to be driven in the center by an idealized
delta function gap voltage source. The antenna lies on a
0.5 cm thick grounded Rexolit substrate (z_,, = —0.5cm
and ¢_,;; =253¢,). A water bolus (&,;, =80¢,) is placed
between the antenna and the muscle tissue in order to
prevent overheating of the tissue which lies close to the
antenna. Muscle tissue (&,; = (58 — j12) g,) lies in the upper
half-space which starts at z;;,=z,,=0.5cm. All of the
materials are nonmagnetic.

The only other parameters that need to be specified are
the wavenumber for the basis functions, k,, and the
antenna dimensions (see Fig. 1). We will choose &, =
(e11+e_11)/2=4126¢,. Also, we will arbitrarily choose the
width of the antenna to be 2v=0.4 cm, and we will use
antenna lengths that correspond to the first and third
resonances in this example. In Fig. 4, the input impedance is
plotted versus the antenna length for the parameters given
above. The results in this plot were obtained by expanding
the current in terms of five PWS basis functions. From this
plot we find that the first and third resonances occur when
the antenna length is approximately equal to 2/=2.34 cm
and 2/="7.76 cm, respectively.

In Table I, we have listed the amount of CPU time that
is required to compute the elements in the impedance matrix
to four significant digits of accuracy for a variable number
of basis functions. The second column in this table shows

100.0
= 41.26¢
2y = 0.dem €A e
780F 2y = 23 = 0.5cm €13 = %860 - j12.0)e
z_ -0.5 €11 = S)-Uey
— = cm €11 = 2.5360
12 = (1. — joo)e
S soof -1z = (1. — joo)eo
o
v}
g
8 of PN R
L8] e
a, e \
g o ad \ -
— P 1 - ~
Q.
o -250F \ ’ -
— -,
\ s
\ . s
-50.0 \ '\//
N_~
_7s. L L L " N L 2
ﬂ)l 02 03 04 .05 06 .07 08 09

Antenna Length 2I(m)

FIG. 4.
applicator.

Input impedance versus antenna length for the hyperthermia
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TABLE I

Typical CPU Times for the Computation of the Elements
in the Impedance Matrix for PWS Basis Functions

Antenna length

No. of Upper 21=234cm 21=7.76 cm
basis limit
functions L ILHIs DO1AKF ILHIs DO1AKF

1 40,000 73.78 s 646.14 s 85.82s 77250
3 40,000 177.78 2510.02 257.20 t
5 50,000  255.82 5087.02 590.62 e
7 50,000  324.48 1 820.22 b
9 60,000 41022 i 1092.04 i

where the outer semi-infinite integral was truncated. The
values for L were obtained by trial and error. The amount
of computation time required for the two different antenna
lengths are shown in columns three and four, and five and
six. In the columns headed by “ILHIs,” the inner angular
integral was computed using the decomposition technique.
Numerical tests showed that requesting seven significant
digits of accuracy from the expansions for the ILHIs assured
the convergence of the outer numerical integration routine.
The numerical integration routine DO1AKF was applied in
the columns headed by “DO1AKF.” It was found that
requesting five significant digits was adequate for the
numerical integration routine. When { appears in a space, it
means that the numerical integration routine could not
produce the desired accuracy for the given inputs.

A comparison between columns three and four, or five
and six shows that it is much more efficient to expand the
angular integral in terms of ILHIs than to compute it using
the quadrature routine DO1AKF. Also, DO1AKF failed to
produce the desired accuracy of four significant digits in a
number of cases. On the other hand, the decomposition in
terms of ILHIs had no problems.

Table I also shows that a larger amount of computation
time was required for the longer antenna than the shorter
antenna. The reason for this is that the inner angular
integral is more difficult to compute when the basis func-
tions are widely separated.

Once the current distribution has been obtained on the
antenna, then (6) can be used to obtain the associated
electric field distribution. When analyzing hyperthermia
applicators, it is important to find the heating distribution
in the muscle tissue (i.e., z>z;, in this example). The
amount of heating that will occur in this simplified tissue
model is proportional to ¢,; |[E?¥(x, y, z)|%

Now we will obtain heating patterns for the previously
described hyperthermia applicator at the same values of z as
those in Fig. 6 of [44]. We will use a dipole antenna whose
length is 2/=234cm and we will use five PWS basis
functions for this analysis.

DVORAK AND KUESTER

The electric field will be computed at a number of points
in a grid. We will use a square grid that extends out to
[Xmax] = | Vmax| = 31, where 2/ is the length of the dipole
antenna. Due to the symmetry in this problem, we only have
to compute the electric field in the first quadrant. If we
compute 37 points in both the x and y directions, then the
spacing between grid points will be (see (5))

3 d
Ax—-Ay—36—4. (25)
This number was chosen so that we can apply the computa-
tional techniques that are discussed in [23]. The computed
relative heating patterns are shown in Fig. 5. The peak
values for these heating pattern are listed in the second
column of Table IL. The third column in Table IT shows the
relative values of the heating pattern on the z-axis.

The heating distribution that is obtained when using a
dipole antenna differs significantly from the heating dis-
tribution for a microstrip antenna [44, Fig. 4]. The dipole
heating distribution has two large peaks which are caused
by the fringing fields at the ends of the dipole antenna.
The fringing fields are only present in the near-field of the
antenna. As the distance from the antenna increases, the
contribution from the fringing fields becomes negligible.

The heating distribution for the microstrip applicator in
[44] does not exhibit the fringing field effects that were
observed with the dipole applicator. If we compare the
results in Table II with [44, Fig. 4], we find that deeper
penetration can be obtained by using the dipole applicator
than the microstrip applicator. At a distance of 3 cm from

FIG. 5. Relative heating patterns for the hyperthermia applicator.
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TABLE II
Relative Values for the Heating Distributions
in Fig. 5
- (cm) |E(x, y, )12, [E(0, 0, 2)[°
- |E(x, v, 0.5 cm)|,2mx |E(x, y,OScm)lzmax
0.5 1.000 0.250
0.8 0.312 0.147
1.1 0.139 0.100
1.5 0.067 0.064
2.0 0.038 0.038
2.5 0.024 0.024
3.0 0.015 0.015
35 0.010 0.010

the microstrip applicator, the peak power absorption has
fallen to 5%z of the power that was absorbed at a distance of
1.1cm from the applicator. In the case of the dipole
applicator, the peak power absorbed at z=3.0 cm is nine
times less than the power absorbed at z = 1.1 cm. Referring
to Fig. 5 and [44, Fig. 6] we find that the heating distribu-
tion defocuses faster in the case of the microstrip applicator.

Actually, neither one of these antennas would make a
very good applicator if it was used by itself. Referring to
Table III we find that the magnitude of the peak electric
field has decayed to e ' of the maximum value that exists at
the surface of the muscle tissue by the time it has penetrated
only 0.6cm into the muscle tissue. In comparison, a
normally incident plane wave has a skin depth of 6.6 cm.
Therefore, in order to obtain a useful applicator, an array of
dipoles or microstrip antennas would have to be used.

The observations that we have made are only valid for the
specific antennas that were analyzed. It may be possible to
obtain a better applicator by operating one of the antennas
in a different mode (i.e., change the antenna dimensions) or
changing the applicator geometry.

We used two different methods to compute the heating
distribution at z=0.5 cm (see Fig. 5). In both methods the
outer semi-infinite integral was computed using a version of
DO1AJ F [42] which was modified to handie complex

1 tan _ - g f

[=1%
carried out to L = 1000.0.

In the first method, the inner angular integral was
expressed in terms of ILHIs. This method took 17122.3
CPU seconds to compute a 37 x 37 grid of points. This
corresponds to an average of 12.51 CPU seconds per grid
point.

In the second method, the inner angular integral was
computed using the adaptive quadrature routine DO1AJF.
This method required 35096.4 CPU seconds, or 25.64 CPU
seconds per point.

This example once again shows that expanding the
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TABLE III

4, Decomposed into a Finite Number of ILHIs

J?}(kA’ "tv X s S)
= Dy{H(4 x, y, S, )+ (=135 [A(4 x, », S, 1)]*}

. k4 Si—s , ki) I*
+Dy4 % /‘9X!y1S177 +(=1)""] 4 A,X,}’»Sl,T
k k *
Ds {J‘w (ﬂ-, x, ¥, 7") + [fm (i, x, ¥, f)] }

_(_S3)1+Sz

D =
L2k 83 A7)

— S,
= sT—7)

(= Ak )t =S k38222 |5k,
D,= 2G2_ 32 212 Q2_ 32 +2_2D
2(k% 83— A7)t 2ki(k% S5 —4%) k% -2
F. (0, P)= —Pcosfy+ jsin0,. /PP —1; Pz1
0T P eos 8y +sin 8y /1 — PP 0<P<1
T—F% - + Psin 8+ jcos 8, /PP —1; Px1
+7 ) + Psin 0, +cos 0, /1 — P 0gP<1

r(x, y)=/x*+y%

oA x, 3, Sy, )= =2mj{(

Bo(x, y)=tan~'(y/x)
— jAy) = Sisin B¢/ Je(j cos By, Ar)
+(1=5,) ALxJo(Ar) + jrd,(ir)]}
I, x, y, S|, P)
= —mjj PP =15 e J1=F Jeo( —jF , Ar)

F(—=D)SreH-r ST —F2 Jeo(— jF_, Ar)}

Fol4, x, ¥, P)

_ TAr
T(PP-1)
+e (1 —F2)Jeo(— jF_, ir)—

{e M+ (1 —F? ) Jeo(—jF ., 4r)

2[J(Ar)— jP cos 0 Jo(Ar)]}

i ‘and Joeit i addi
i ; !
Usu‘rt,rmc—rrmnmm—n'rcwg (V)1 .

angular integral in terms of ILHIs improves the efficiency
for computing 2D Sommerfeld integrals. An even greater
improvement in the efﬁc1ency would be obtained if the three

4. CONCLUSION

We have demonstrated in this paper that the angular
integral, in the 2D Sommerfeld integral associated with
PWS basis functions, can be represented in terms of a finite
number of ILHIs. We have also shown that representing the
angular integral in this manner provides a more accurate
and efficient method for computing the angular integral
than using a standard numerical integration routine.
Furthermore, it is shown in [35] that the expansion of the
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angular integral in terms of ILHIs can be used to develop a
novel asymptotic extraction technique for the outer semi-
infinite integral. This asymptotic extraction technique
provides further improvements in both the accuracy and
efficiency.

The techniques which have been developed in this paper
are not restricted to PWS basis functions. They can be used
with any basis functions which result in angular integrals
which have the general form (8). This includes entire
domain [37, Chap. 8], rooftop [45], pulse, and traveling
wave basis functions.

APPENDIX A: DECOMPOSITION OF %, INTO A
FINITE NUMBER OF ILHIS

A.l. Introduction

In this appendix, we will decompose (17) into a series of
TLHIs. This integral will exhibit a different behavior for
each different value of S. If we are interested in computing
an impedance element, then we will need to compute .#; for

(see (7))

S={(0’0’0’1)}. (26)

0,0,1,1)

On the other hand, if we are interested in computing the
electric field, then (see (6))

(1,0,0,0)
(1,0,1,0)
(0,1,0,0)
(1,1,1,0)

(27)

A.2. Partial Fraction Decomposition
We will first define two new integrals,

. SiI}Sl Pe — FArix. yycos[8 — Bolx, )]

db
o cosf+ P

‘ﬂ('{’ X, ,V, Sla P)=j
(28)

n @ JArlx, y)cos[6—Bo(x, y)]

Al P)= [ S —

(29)

By making the change of variables, § = 6 — =, it is easy to
show that

A3 3. S10 =P)= = (=) LA 0 P
jS(A" X, ¥, _P):: [j.‘»()', Xy Vs P)]*
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If we apply a partial fraction expansion to the integrand of
(17) and use the results in (30), then we can show that

'}3(kA9 A’ Xs s S)
=Dl[‘ﬂ(i’ X, Y, Sls 1)+(_1)Sl—52
x [A(4, x, y, Sy, 1)]*]

+D, [,ﬂ (/1, X, ¥, Sl,%)+(—l)5"52

kN\T*
X u¢4 ’any9S]’_

A
+ D I:J@ (/1, X, ¥, %—‘—)

+[ 4 (x5 ],

(3

where

—(—83)1+52

D1=2(kiS§_AZ)1+S<
(—Afk ) 5[ 3LS2—42 7%
D,= 3
=2 sI— ) ﬂci(kisg—m] (32)

-8,
Di=—r— %
>4k (k3 S2—12)

This equation holds for all the values of S that are shown in
(26) and (27).

Now we need to evaluate integrals which are of the
form given in (28) and (29). We will first concentrate on
evaluating .#,. In order to simplify the exponential factor
in (28), we make the change of variables, # =6 — 6, and
apply the addition formulas to the resulting trigonometric
functions, thereby obtaining

= [sin 0 cos 8, + cos 0 sin 8,1
_» [cos B cos 8, — sin 8 sin 6, + P)

x e ~JAreosé g (33)

I3, %, 5,81, P)= |

Since the variable of integration in (28) ranges over one full
period of the integrand, the only restriction that was placed
on chosing the limits of integration in (33) was that they
also allow for integration over one full period.

At this point it is beneficial to rearrange the integrand of
(33) in such a way that 8 only appears in the form of cos §
in the denominator. This can be accomplished by multi-
plying the numerator and denominator by (cos O cos 0, +
P +sin 6 sin 0,). After multiplying out the numerator, the
integral can be simplified by neglecting any odd functions of
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6 which appear in the numerator since they will integrate to
zero. Two cases are possible since S; =0o0r §;=1:

‘ﬂ(j’?'x’ y’O’P)

Jn [P+ cos B,cos 0]
. [P —sin6,+ 2P cos 0 cos 8,4 cos? 0]

x e*j/:J‘COSé dé
F(4, x, y, 1, P)

—sind f" [P cos B +cos 6,]
=SY) [P%—sin? B, + 2P cos 6 cos 8, + cos? 0]

% efjlrcosg dé

(34)

The denominators in (34) can be factorized and then a
second partial fraction expansion can be used to show that

*Z(’L X, ya SlsP)=D7jy6(}'9xa y5 F+)

+ Dy I(A, x, y, F_), (35)
where an expression for F is given in Table III, and
) 2 e—jircosO de 36
%(A’x,y,Fi)=J_"COSG—Fi(90,P) s ( )
D, = |:cos 8, \/2P2 ;2 —le sin 00] [j \/ﬁ]sl
2./PP—1
P=1. (37)

A.3. Representation in Terms of ILHIs

The integral, %, can now be rewritten in terms of
special functions. Using the integral representation of the
Bessel function, it can be shown that .% satisfies the first-
order, non-homogeneous, ordinary differential equation:

s JAF . Jg= —2mjAJo(Ar).

dr (38)

The solution of (38) is given by
Ar
Sk x, v, F )= —2mje=*Fer j eF= () dt, (39)
)

where & is a constant which is yet to be determined. If we
replace the Bessel function by its integral representation,
interchange the order of integration, and carry out the
resulting integral, we find that

ir

d9. (40)

s

n ejt(Fi —cos )

Id, %, p, Fy)=e st |

_zCosf—F,
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By comparing (36) with (40), we find that é can be defined
as
5= OO;"RU:Fi)SO}. 41)
—o0; R(F,L)>0

In addition, reference to (21) shows that (39) can be
rewritten in terms of ILHIs:

‘%(19 X, Vs Fi ) = _27rje~jiFtr{JeO(_jFi B }J’)

—Jeo(— jF., 0)}. (42)

ILHIs were studied in great detail in [36]. We will use
many of the results that were obtained in [36] in this
appendix.

A4 I, for0<i<k,

If we refer back to (28) and (29), we find that there are
apparent singularities in the denominators of the two
integrands when 0 < P < 1. On the other hand, the apparent
singularities in the denominator of (8) are actually
removable singularities for the values of S given in (26) and
(27). Since 4, can be decomposed into a finite number of
integrals which have the form of .4, and %, it must be
possible to remove the apparent singularities when the
integrals are added together.

When P> 1, there are no singularities, so no problems
exist. Therefore, we will first deal with this case, and later we
will use analytic continuation to obtain a solution which is
valid when 0 < P < 1. Using [36, (45)-(47), (49)], it can be
shown that

Jeo(— jF 4, 8)=1//1—F%,

where the branch cut for the square root is defined by

(43)

RJT-FL)20;  R(F,)<O, o
R(S/1-F2)<0;, R(F,)>0.

Using the definition for F, in Table III, we find that

RGF, )= Fsin 0y /P — 1

; P>1.
1—F2i=(iPsin90+jcos90./P2—1)2}
(43)

In order to satisfy the condition in (44) when P> 1, the

branch cut for /1 —F 21 must be defined as in Table III.
Referring to (37), we find that the expressions for D, and Dy
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can be simplified by applying the expression for \/1 — F? in
Table I11:

D= Fe
2\/_

b NI=F
YN/

Finally, combining the results in (35), (42), (43), and
(46), yields

VP —11%
[J\/PZ 1%

(46)

‘Zl()“’ xa y, Sls P)

=‘¢;(j'9x’ y’ S15P)+'j8('1’x, y, S1,P)9 (47)
where an expression for .# is given in Table III, and
Fi(4, x, , Sy, P)=mj(j/P*—1)" "
X {e M4 (—1)51eAF-m1 (48)

Writing .4, in this way simplifies the analysis since, as is
shown below, the term % will cancel with other terms when
the pieces are recombined to yield .. First, it is easy to
show that

=f8(2'9x+da ya SlaP)+U¢8(A’x""d’ ya SI’P)

_ZCOS(kAd)‘%(l9 X, Y, SI’P)=05 (49)

when S, =0 and P=k ,/A Since % only appears in linear
combinations which have the forim given in (49) (see (19),
(31), and (47)), we can cancel % from (47) and still obtain
the correct result for .# when S, =0 and P> 1. Likewise, it
can also be shown that
(2 +4 cos*(kd)) &4, x, ¥, S;, P)—4 cos(k d)
x[%H(A, x+4d, y,S,, P)+ %A x—d, y,S,, P)]
+ %A, x+2d, y,S,, P)

+ 554, x—2d, 9, 8,, P)=0, (50)

when S,=1 and P=k ,/A. Therefore, we can once again
cancel % in (47) and still obtain the correct result for .#
when all of the pieces are added together (see (20), (31), and
(47)). Therefore, we can define
'ﬁ3(kA9 j” X, y9 S)
=Dl[‘ﬁ7('1, X, ¥, S19 1)+ (—1

x [H(4, x, y, Sy, 1)]*]

)Sl -5
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k
+ D, [17 </1, X, ¥, SI,TA>+(—1)51‘S2

AN
X ‘%(l’x7 Vs SI,T
k
+D5 [‘fS <laxa %'f)
*
ot

where the hat on . serves as a reminder that this expression
will give an incorrect value for (17), but it will yield the
correct results for the integral of interest, .#,, when all of the
pieces are added together.

In order to evaluate (51) for 0< A<k ,, we need to find
an expression for % (4, x, y, S;, 1). When S, =1, it is easy
to show that

(51)

F(A, x, y, 1, 1) = —2mjsin e’ Jey(jcos O, Ar), (52)

where we have made use of the results in Table ITI. This case
was easy to handle since the singularity in .%(/, x, y, 1, 1) is
a removable singularity (see (28)). On the other hand, it is
more difficult to find %(4, x, y, 0, 1), since %,(4, x, y, 0, P)
has a non-removable singularity at P = 1. As was previously
mentioned, the singularity at P=1 is a removable
singularity in (8); therefore, it must also be possible to
remove this singularity by adding the pieces which .#, was
decomposed into back together.

As it turns out, the singular part of .#,(4, x, y, 0, 1) is con-
tained totally in %(4, x, y, 0, 1). We have previously shown
that the term % will cancel with other terms when all of the
pieces are added together to obtain .4 ; therefore, we will
not have to deal with this singular piece. The other term in
(47) only contains a removable singularity. Therefore, we
can obtain an expression for %(4, x, y, 0, 1) by removing
this singularity. If we substitute the expressions for F, and

J1—F? into .%, then we can use (21) to show that

F(4, x, ¥, 0, 1)

= hm = \/Pz—
x {Psin @, sinh[sin 8, /P> —1 (1 —ir)]
—jcos 6y ./P?>—1cosh[sin 8, /P> —1

X (t—Ar)]1} Jo(2) at.

Ar
f eijcosoo(l—/lr)

(53)

Expanding the hyperbolic functions in power series expan-
sions, yields
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(A x, 3,0, 1)

=27 {—ejlx-]eo(j COS 00, ir)

x [Arsin? 6, + jcos 6,]

Ar

+sin290j e fC°S"°“~“)tJ0(z)dt}. (54)

]

In order to simplify this equation, we need to find an
expression for integrals which have the form

z

Iyla, z)y=e* J e “tJy(1) dt.

0

(55)

After integrating by parts, with u=e7"% and dv = tJ,(¢) dt,
we find that

Ila, zy=zJ(z) + ae“Je (a, 2). (56)

Using [36, (9), (12)], we can rewrite (56) as

Sla, z)= —21——1—) {ae“Jey(a, z) + zJ,(z) —azlo(z)}.  (57)

(a” +
Now we can find an expression for (54) by applying (57)

FlA, x, y,0, 1) = —2mi{ y sin B¢ Jeo(j cos b, Ar)

+ jxJo(Ar) —rJ(Ar)}. (58)
We can combine the results in (52) and (58) to obtain the
general form of .# which is given in Table III.

Before we can evaluate (51) for A <k, we still need to
find an expression for (29). Using the definitions in (28) and
(29), it is easy to show that

dj (l’ x’ b 0, P)
‘fﬁ(is X, ), P)= - ‘ dPy — .

(59)
Therefore, we can obtain an expression for % by differen-
tiating (47) with respect to P.

Before actually carrying out the differentiation, we will
derive some intermediate results. Using the resuits in
Table I11, it can be shown that

aFr JVIFy oy

dp Pi_1’

(60)

It can also be shown that ¢see (21))

d z
T e“Jeo(a, z)=e* {z]eo(a, z)— L

e~ 1T (1) dt}. (61)
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We have previously shown that the second integral on the
right-hand-side of this equation can be rewritten in terms of
Jey(a, z) (see (55) and (57)); therefore, (61) can be written
as

d a
T e“Jey(a, z)= |:z - m] e“Jey(a, z)

+——— [alo(z) = J\(2)]

(a®+1) (62)

Now, using the results in Table I, (47), (59), (60), and
(62), we find that

P
‘9{5(1’ X, YV, P)=<;2___1> [j’l(}“’ X, Y, Os P)

+"¢8('19 X, ¥, 09 P)] +‘f10(la X, Vs P)

+ 44, x, y, P); P>1, (63)
where .#,, is defined in Table III and
Jud x, y, P)= —(Pf'{_'l) {ﬁe—ﬁf”
+1—F% e~} (64)

Using the same argument as before, we can neglect %
when we derive the expression for .%;. Likewise, since

(2 + 4 cos?(k ,d)) F,, (4 x, y, P)— 4 cos(k ,d)
x [F1(4 x+d, y, P)+ A4, x—d, y, P)]
+‘ﬂ(11('la x+2ds Vs P)

+ 4,4, x—2d, y, P)]=0, (65)
when S,=1 and P=k /4, we can also neglect .#, in the
expression for .%;. Therefore, using (51) and (63), we obtain
the expression for .%, which is given in Table IIL. Now, if we
use (19) and (20), where .% is used in place of .%, then we
will obtain the correct result for .# for the values of S in (26)
and (27) when 0 <A<k ,. We have also listed the other
important expressions which have been derived in this
appendix in Table IIL

AS. S for A>k,

The next step is to find an expression for .4 that holds
when 4>k, (ie,0< P < 1). As we have already mentioned,
the integrand of (17) has a non-removable singularity when
A>k 4. On the other hand, the integral of interest, (8), only
contains removable singularities for this case. Therefore, the
contributions from the apparent singularities in (17) must
cancel out when the desired integral, .#, is reconstructed
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(see (19) and (20)). Since the contributions from the
singularities all cancel out in the end, the method which is
used to handle the singularities is unimportant, so long as
the method is used consistently on each piece in the decom-
position.

We found that analytic continuation arguments provided
the simplest method for handling the case when 1>k .
Earlier, we showed how .4, can be represented in terms of a
finite number of ILHIs when 0 < A <k, (see (19), (20), and
Table III). Since .#, and its expansion in terms of ILHIs are
both analytic functions of A for the values of S in (26) and
(27), we can extend the region of validity for the previous
results to 4 > k , by letting

VP —1=/1-P

where P =k ,/A. It should be pointed out that the complex
conjugate operations in the expression for % should be
written out explicitly before (66) is applied. As it turns out,
the expression for .#,, which is given in Table III, is still
valid when 4>k .

(66)

A.6. Reflection Properties for %,

Now that we have an expression for .%,, it is important to
look at the reflection properties (i.e., reflections about x =0
and y =0) of this expression. Specifically, we would like to
determine whether the relationships in (22) and (23) will
still hold when .%, is replaced by .%,. We will first look at
F(k 4, 4, x, — y, S). Referring to Table III, we find that

F,(—08y, P)=F_(0,, P). (67)

Using the above relationship, it is easy to show that
eJé}(kA’ Ay X, - b S)= (— 1)51 'jg(kAﬁ Ay X, ¥, S). (68)

It is more difficult to handle %(k ,, A, —x, y, S), since we
will need to handle the two cases P>1 and 0<P<1
separately. First, when P > 1 we find that

JF 4 (n—8,, P)=[jF. (6o, P)]*
V1=F3 (n—8,, P)=[/1~F% (6, P)]*.

(69)

Substituting these results into Table III, we find that
‘}3(kAs ls —X, ), S) = (_I)SZ ']’%(kA’ A’ X, Vs S), (70)
when P> 1. On the other hand, when 0< P < 1,

- JF1(n—8o, Py=[jF+(6o, P)1*

71
J1=Fi(n—8y, P)=—/1—F%(6,, P). 7D

Therefore, we can show that (70) still holds for this case.
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A.7. Definition ofjg

For the purposes of this appendix, we found that it was
advantageous to neglect some of the terms in the expression
for .#. In doing so, we obtained the expression for .%,. The
expression for . will be used throughout this paper,
however, it is not always the most convenient expression to
use.

Another expression can be obtained by reintroducing the
terms that were neglected in the expression for .%,. These
terms can be taken into account by defining the expression

']:l;(kA’ ;“5 X, y, S)
=Dl{‘¢7(i’ X, y’ Sls 1)+(_1)SXAS2
X [j%(;% X, y’ Sls 1)]*}

A

kN *
x| H(4, x, p, Sl"T

+ D, {flz </1, X, ¥, %)

k
+ Dy {.ﬂ(/l, X, Vs Sl,—£>+(—1)5152

kAN\T*
+ u¢12 l,x, y’T » (72)
where an expression for .#, is given in (47) and
Ar > aF
Ha(4 X, p, P)=(?:—1—) {(VI-F% e
x [/1—=F? Jey(— jF,, Ar)—1]
¢ TR o b
X [/1—F% Jeo(—jF_, ir)—1]
—2[J(Ar) — jP cos 0,J(Ar)]}. (73)

Referring to (31), (47), and (63), we find that S=5
when P> 1. However, .%, #.%, when 0 < P < 1. The reason
for this is discussed below. Since % (see (17)) is not an
analytic function for values of A > k ,, analytic continuation
arguments can only be applied to %, which in turn is com-
posed of a number of pieces which have the form of % (see

(19) and (20)). Therefore, even though S # FHwhen >k,

we can use % in place of .% and still obtain the correct
results for .#,.

A.8. Reflection Properties for ;3

As was the case with .%, it is important to investigate the

reflection properties of .%;. If we apply (67) and (69) to (72),
then we find that
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Flk s b x, = 9,8)

= (~1)* k4, A x, , S);
Ik 4 2 =%, 3, S)

= (~1)2 Fy(ky, 4 x, 3, S);

420 (74)

ky>420. (75)

These results are not surprising since we have previously

shown that 4 = .4, when & , > 1 >0 (see (22) and (23)).
When 2>k ,, we can use (71) to show that

‘;g(kAa 2, —X% S)
= (= 1)% Fy(k 4, 2 X, 3, S)

+2nj( /1 — P35~ D,
X {(_1)51 [ejiF+r_(_I)Sl—Szefj}J%r]
+ej/1F,r_(_I)Slfsze—jll“,r}

2nA . .
+ /I_FZA [ejAF,r+e—j).F_r]}.

The fact that this result differs from (23) also should not be
surprising, since we have previously shown that there is no

(76)

reason for .4 to be equal to %, when 4>k ,.

APPENDIX B: NUMERICAL COMPUTATION OF .#,

B.1. Introduction

In Appendix A, we demonstrated how .% can be written
in terms of ILHIs, Bessel functions, and other elementary
functions. In [36], it was shown that Jey(a, z) can be
efficiently computed for all values of a and z, where ae C
and z e ‘R, by using either the Neumann series expansion
[36, (58)], or one of the two factorial-Neumann series
expansions [36, (29), (57)]. Actually, an algorithm was
developed in [36] which uses these three expansions to
compute a single ILHI, Jey(a, z), to a user-defined number
of significant digits (SD). Now, in this appendix we will
show how the ILHIs which appear in the decomposition of
4, (see Table III) can be efficiently computed in parallel. We
will make use of a number of the results from [36] in this
appendix. It should be noted that a uniform asymptotic
expansion for Jey(a, z) can also be obtained using the
methods in [46].

The three expansions in [36, (29), (57), (58)] behave very
differently for different values of the variables a and z. In
[36], it is shown that the convergent factorial-Neumann
series expansion converges most rapidly for small to
moderate values of z |\/a’+1|. On the other hand, the
asymptotic factorial-Neumann series expansion can be used
when z |a® + 1] is large. Finally, the Neumann series expan-
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sion fills in the gap left by the other two expansions, since it

is most useful when |/a®>+ 1+ a| >1 and z has a small to
moderate value.

B.2. Computation of the ILHIs for 0< A <k,

We will first handle the case when A<k,. For the
applications in this paper, r(x, y) will have a maximum
value of a few wavelengths; therefore, z= Ar will have a
small to moderate value when 4 <k ,. Since z is relatively
small when A<k, we will use the backward recurrence
algorithm which was outlined in Section 6 of [36] to
compute the sequence of Bessel functions.

In order to evaluate %(4, x, y, S|, 1), we must compute
(see Table I1T)

Jeg(jcos 8, Ar). (77)
For this ILHI, we find that
la®+ 1] =sin? 6,< 1; (78)

therefore, the convergent factorial-Neumann series expan-
sion is the best expansion to use for the computation of (77).
When we are computing the elements in the impedance
matrix, it is possible to save some computation time because
we only need to compute the real part of £(4, x, 3,0, 1)
{see (26) and Table III). Therefore, it can be shown that

R{A(4 x, y,0,1)}

3

=27l {rJ,(/Ir) —Ayr (E)

x lyz k J(Ar) ) _
X,EO[?] r(k+3/2)}’ Sa=1.

On the other hand, if we are interested in computing the
electric field, then we will have to use

(79)

FH, x, 3,1, 1)

3 oo lyz k
= —2mjiyl (= 22
wor(3) 515

N [J(Ar) + jcos 0oJ 1 (Ar)]
I'(k+3/2) ’

S,=0. (80)

We only need to compute % (4, x, y, S, 1) for S, =1, since
D, =0whenS=(0, 1, 0, 0) (see (27) and Table III).

The only other ILHIs that need to be computed in order
to evaluate .4 are

Jeo( —JF ., Ar)

81
Jeo(— jF_, Ar). (1)
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If we refer to Table 111, we find that the factor

la®>+ 1| =|1—F2%|=P>—cos’¥d, (82)
may be much greater than one when P=k,/A> 1. There-
fore, the convergent factorial-Neumann series expansion
will not provide the most efficient method for the computa-
tion of the ILHIs in (81). On the other hand, we can show
that

at+ /a+1=—jF, +./1—F>

=§e$f"°[k,,+«/kf,—,12].

Since la+./a*+1|>1 when A<k,, we will use the
Neumann series expansion to compute the ILHIs in (81).
At this point, it is convenient to define

(83)

SFE4, x, y, P)
= —e_j'iFi'[‘/ 1 —Fi Jeo(—jF ., Ar)—1]. (84)

By using (83) and the Neumann series expansion, we find
that .# {5 can be written as

S (Jer ™) e dilAr)

FEA, x, y, P)= .
i3(4, x, y, P) Z [P+\/m:|k

k=0
When A < k ,, we find that it is convenient to use the expres-
sion for . instead of the expression for .%. Therefore, using
(84), we find that %, (see (72)) can be rewritten as

(85)

=}3(k,49 '1’ xa y, S)
=D {H(Ax, p, S, D+ (=17~

y)

WPy

xmu,x,y,sl,l)]*}+1>9nj(
k, .

X jl+3 l’x’y’_/{ +(_1)2
k * k

<[ (a2 |+ coma (bx )

S1— 8 — kA *
+(=1)M" 2 I A,x,y,T
3 k
—Dsgi—/rlzm{ﬂ/l—Fi J;;(/l,x, y,f)
2 _

k
+ 1—F2_f1‘3</1,x,y,7")

+2J1(lr)}; 0<i<k,, (86)
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where (79) and (80) are used to compute %, and (85) is
used to compute . ;. )

As was shown in Appendix A, the expression for .#; can be
used in place of .%; in the expressions for .4 . Also, the reflec-

tion equations for .4, are given in (74) and (75).

B.3. Computation of the ILHIs for A >k ,

Now we must handle the more difficult case when 4>k .
Once again, we need to compute the integrals that are given
in (77) and (81), but this time we need to use the definitions
in Table III which are valid when 0 < P < 1. For the integral
in (77), the parameter |a® + 1] will still behave as in (78).
The expressions which were previously derived (see (79)
and (80)) can still be used when Ay*/2r is small, but as the
value of A increases, more and more terms will be required
in these expansions. Therefore, it is desirable to find a new
way to compute (77) for large values of A. Also, now that
i>k,, the parameter |a’+ 1| will have a very different
behavior for the two integrals given in (81). In fact, we now
find that

a2+ 1) = |1 - F%|

P
= cos? (60—tan’1 (———)) <1
J1—=P?

A>k,, (87)

where we have made use of (18). Once again, we will need
to use a different method to compute the integrals in (81)
now that A >k ,. This shows that we need a way to deter-
mine which of the three expansions [36, (29), (57), (58)]
will be best suited for the computation of Jey(a, z) for a
given set of parameters, 4, z, and SD. In order to accomplish
this task, we will make use of some of the results which are
given in [36].

For large values of 4, the argument of the Bessel functions
(i.e., z = Ar), which are present in any of the expansions may
become large. Therefore, it may be possible to use forward
recurrence to obtain the desired sequence of Bessel func-
tions. In order to use forward recurrence, we need to first
obtain the starting functions Jy(z) and J,(z). In [ 361, it was
found that Hankel’s asymptotic expansion can be used to
obtain these starting functions whenever [ 36, (66)]

z>8D+4. (88)

It may also be possible to use the asymptotic factorial-
Neumann series expansion to compute Jey(a, z) when z = Ar
is large. We have previously shown in (78) and (87) that
|a® + 1| <1 for the integrals that we are interested in com-
puting (ie., (77) and (81)). Therefore, we find that [36,
(72)],
zla*+1]—1

> (89)

z=r>kpa=
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Now, if we use the results in [36, (76), (77)], we find that
the asymptotic factorial-Neumann series expansion can be
used to compute Jey(a, z) to SD significant digits provided
that

1
= x 1075 |e® Jey(a, z)]

2
N S ST max(1, |a|),  (90)
la®+ 1| /nz
where the following approximation can be applied:
le“*Jey(a, z)|

) e* 2 [acos(z—mn/4)—sin(z—n/4)]|

Ja+1 Naz (a®+1) ’
min(z, z |a £ j|) > 0. (91)

When z> SD + 4, but (90) is not satisfied, we still prefer
to use forward recurrence to compute the sequence of Bessel
functions; however, this time we would like to use the con-
vergent factorial-Neumann series expansion to compute
Jeg(a, z). It can be shown that this method can be used if
[36, (79)]

1
=x 1075P |e*Je(a, z)|

2
z e ez |a® + 1| fm
p 1
>\/;(2kim+3)[2kim+3] max(1, laf), (92)

where

ki = int(z). (93)
When z|a’+1|>2, we can use the approximation for
le*Jey(a, z)| which is given in (91). On the other hand,
when z |a® + 1] <2, we can use [36, (80)]

2
le“Jegla, 2)l & _[= [cos <z—f +acos <z_¥ :
T 4 4

zla®+ 1] <2

If the inequality in (88) is satisfied and if one out of the
two inequalities in (90) or (92) are satisfied for each one of
the integrals in (77) and (81), then we will use forward
recurrence to compute the sequence of Bessel functions. If
this is not the case, then a backward recurrence routine will
have to be used to compute Bessel functions.

If neither of the inequalities in (90) or (92) are satisfied for
a given integral (see (77) and (81)), then we will have to use
backward recurrence to compute the Bessel functions, and

(94)
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we will have to find another way to compute that integral.
Referring to [36, (29), (58)], we find that the convergent
factorial-Neumann series expansion will converge faster
than the Neumann series expansion when z |a*+ 1| <2.
Therefore, we will use the convergent factorial-Neumann
series expansion to compute Jey(a, z) when this is true.
When z|a’>+1|>2 and |a®+ 1] <1, the convergent fac-
torial-Neumann series expansion will still converge faster
than the Neumann series expansion, but now we need to
worry about round-off errors. In Section 6 of [36], it is
shown that in order to use the convergent factorial-
Neumann series expansion to compute Jey(a, z) to SD
significant digits when z |a*+1|>2 and |a?+1]<1, all
operations have to be carried out to SDN significant digits,
where

241 z[R(a) — |2 + 11/2]
SDN = SD — log,, ( 14+ 1 v/m2€ ) (95)
max(1, |a|)

Therefore, if the computer has at least SDN significant
digits of accuracy, then the convergent factorial-Neumann
series can be used to compute Jey(a, z). If the convergent
factorial-Neumann series expansion is used for this case,
then we will also have to calculate the sequence of Bessel
functions to SDN, instead of SD, significant digits.

Finally, if the parameters a, z, and SD are such that none
of the previously mentioned methods can be used, then we
will use backward recurrence to compute the sequence of
Bessel functions, and the Neumann series expansion [36,
(58)] will be used to calculate Jey(a, z). An algorithm which
is structured as outlined in this appendix can be used to
compute the ILHIs which are encountered in the expression
for Ak 4, 4, x, y, S).
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